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Abstract
We set forth a definition of doubly warped products of weighted graphs that is -up to inner
products of gradients of functions- consistent with the doubly warped product in the Rieman-
nian setting. We establish Ricci curvature-dimension bounds for such products in terms of the
curvature of the constituent graphs. We also introduce the (R1, R2)-doubly warped products of
smooth measure spaces and establish N -Bakry-Émery Ricci curvature bounds thereof in terms
of those of the factors.
These curvature bounds are obtained by exploiting the analytic and algebraic aspects of
Bakry-Émery Ricci tensor for weighted manifolds and Ricci curvature-dimension forms in the
case of weighted graphs. Under suitable conditions, we show the constancy of warping functions
in both settings when the bounds are achieved at the extrema of warping functions.
In our results, we have included structural curvature dimension bounds on weighted graphs
for the most general form of Laplacian which is perhaps of independent interest. This is done
by generalizing and sharpening Lin and Yau’s curvature bounds. These structural curvature
bounds along with the above mentioned curvature dimension bounds can be used to estimate
curvature bounds of doubly twisted products of weighted networks and curvature of fibered
networks and in turn for measuring the robustness of interplay networks.
1 Introduction
A doubly twisted product of two Riemannian manifolds (Bn1 , gB) and (Fn2 , gF ) is of the form
Bα×βF :=
(
B × F, g := α2gB ⊕ β2gF
)
where
α : B × F → R+ and β : B × F → R+
are smooth twisting functions. The product manifold is called a doubly warped product when α and
β are independent of B and F respectively. In terms of the Carré du champ operator of the doubly
twisted product (see (1.1) below for the definition) corresponding to the Laplace-Beltrami operator,
for smooth functions u, v : B × F → R and points x ∈ B and p ∈ F , setting ux( ) = u (x, ) and
up( ) = u ( , p) (and similarly vx and vp),
Γ (u, v) (x, p) = 〈∇u(x, p),∇v(x, p)〉
= α−2(x, p)
〈
B∇u(x),B ∇v(x)〉
B
+ β−2(x, p)
〈
F∇u(p),F ∇v(p)〉
F
= α−2(x, p) BΓ (up, vp) (x) + β−2(x, p) FΓ (ux, vx) (p).
The definition of warped product of Riemannian metrics first appeared in [6] and has since proven
to be an extremely useful tool in geometry in as much as selecting suitable warping functions, one can
make the product manifold exhibit certain desirable behavior such as globally possess non-positive
curvature, have certain spectrum or provide solutions to a given geometric flow; see e.g. [6] [45] [17]
and [28]. Also warped product representations of solutions to equations that arise in general relativity
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2are imperative to the subject; see e.g. [20] and the references therein. We note that One can also
define doubly twisted products of complete geodesic spaces along the lines of [8].
A notion of warped product for weighted graphs has not yet been established. This is partially
due to the fact that on one hand, a graph while seemingly a simple object, could be equipped with
vertex weights, edge weights and a variety of distances on it that do not arise from a metric tensor;
this causes ambiguity in how to effectively define warped products. On the other hand, one might
be curious as to why such a notion should even be studied in the first place. The "why" question
fades when one thinks of the ever increasing interest in generalizing Riemannian geometry concepts
to singular and discrete settings and noticing how the geometry of discrete structures and its links
to smooth geometry is being used in the analysis of big data, network theory and machine learning
which in turn influences people’s mundanity. We will expound on this momentarily but first, the
more important question of what would be a useful definition for warped product.
Our main purpose in these notes, is to introduce and study a very intuitive notion of doubly
warped product of weighted graphs. We have written our results in the most general way we could
so our objects will be graphs equipped with vertex and edge weights. There will be no assumptions
on the symmetricity of edge weights which makes our construction versatile enough to be used for
Markov chains on finite sets as well. The idea behind this definition is to look at the Bakry’s Carré
du champ operator, Γ on graphs as the generalization of an inner product acting on gradients of
functions, which is exactly what it is in the Riemannian setting. Here, a weighted graph is a triple
(G,ω,m) where G is countable set of vertices, ω represent edge weights and m, vertex measure (see
page 5 for a more precise definition). For two graphs G and H , G  H means the Cartesian product
graph.
Definition 1.1. For two weighted graphs
(
G1, ω
G1 ,mG1
)
and
(
G2, ω
G2 ,mG2
)
, and twisting func-
tions α, β : G1  G2 → R+, we define
G1 α⋄β G2 := (G1  G2, ω,m)
where the edge weights ω and vertex weights m are given by
ω((x,p),(y,q)) := δpqm
G2(p)α−2(x, p)ωG1xy + δxym
G1(x)β−2(x, p)ωG2pq
and
m ((x, p)) := mG1(x)mG2(p)
respectively. Sometimes, we write ω = mG2α−2ωG1xy ⊕mG1β−2ωG2pq for brevity. When α and β are
independent of G1 and G2 respectively, the product graph is called a doubly warped product.
To demystify the definition of doubly twisted product of graphs, we note that as we will show in
Lemma 3.7, for functions u, v : G1  G2 → R and vertices x ∈ G1 and p ∈ G2,
Γ (u, v) (x, p) = α−2(x, p)ΓG1 (up, vp) (x) + β−2(x, p)ΓG2 (ux, ux) (p)
which is consistent with the Riemannian version (1.1). As for the measures, in the Riemannian
setting one has
dvolα2g⊕β2h = αn1βn2 dvolg dvolh
so, our choice of measuresm = mG1mG2 , is again consistent with the one in the smooth setting since
graphs are discrete objects and can meaningfully be considered 0-dimensional. In these notes, we
are only interested in doubly warped products so α and β are independent of B and F respectively
unless otherwise specified.
Why should we study doubly warped products of graphs and their curvature bounds?
The answer is twofold:
I. From the theoretical point of view, our definition of a doubly warped product of graphs
behaves in many ways like its Riemannian counterpart which makes it an interesting object to study.
Yet there is more to it, in a sequel to these notes, we study the geometric twisting of proximity
graphs of Riemannian manifolds and show how it can approximate the Bakry-Émery Ricci bounds
of doubly warped product of weighted manifolds. Geometric twisting is a modification of the doubly
warped product defined here. In these notes however, we only consider the above mentioned doubly
warped product of weighted graphs. Our definition still shares many curvature properties with
3their smooth counterparts such as possessing similar curvature-dimension bounds. A Mathematical
application of the doubly warped or twisted products of graphs is that, in analogy with the smooth
case, one might use these doubly warped product graphs as local models to define fibered graphs
and/or graph submersions which will provide a framework for modeling interplay networks as we
will describe below.
II. In application, our notion of doubly warped product and the curvature bounds we present may
be used to model the interplay between complex networks and in measuring the robustness thereof.
Indeed, any network (say vertical fibers) that repeats itself in different geographical areas (horizontal
fibers) can be expressed as a Cartesian product; If we let the vertical interactions to depend on the
area, we get a warped product; if the horizontal interactions depend on the nodes in the vertical
fibers, we get a doubly warped product of networks. Of course we can consider multidimensional
networks so as to capture as much information about the underlying system as possible. If we let the
node interactions to be asymmetric, we get a doubly twisted product of networks (weighted graphs).
The model can be made more versatile by considering fibered graphs which are locally doubly twisted
products. This principle is very simple and can be used to model interplay networks. Examples are
abundant: if we take the vertical network of airlines and horizontal network of airports, we get a
doubly warped multidimensional network describing air travel. Taking, vertical network of major
cell phone brands and horizontal network of zip codes or cell phone towers, we get a doubly warped
product of networks describing the cell phone communication system. The structure of franchise
companies is another example that can be described by doubly warped products. As has recently
been evidenced by research works from theoretical network theory to computational biology (e.g.
[53], [55], [47] and [29]), different notions of Ricci curvature can be successfully used to measure
the robustness of a given evolutionary or static network where robustness (can be quantified via
different methods) is generally understood to determine the resilience of a network in maintaining
its performance in the face of change or malfunction of nodes. So knowing the curvature bounds for
doubly warped products can be directly applied to measuring the change in robustness of interplay
networks.
It is worth mentioning that similar calculations can be applied to any setting where curvature
functions can be defined via Bakry-Émery type curvature-dimension conditions. In particular, the
setting of RCD(K,N ) equipped with a diffusion operator L in which we have the added benefit of
having a chain rule at our disposal. See [52] for a generalization of the Bakry-Émery Ricci tensor of
a diffusion operator to singular spaces. The precise statements and results in this direction will be
addressed elsewhere.
Notation: Throughout these notes we suppress the points and vertices whenever they can be read
off from the context e.g. α if not used within an operator, means α(p) and so does β, β(x). The
underlying spaces in our formulas are signified by left superscripts for smooth spaces (except for the
metric tensor and inner product) and right superscripts for discrete ones. For product spaces, we use
geometric quantities without spacial quantifiers. We use ∧ for minimum and ∨ for maximum. In
some formulas, we use • as a dummy variable, so u• would mean the restriction of u to the •-fiber.
∇2f means Hessian form of f acting on the diagonal of ⊗2TM .
Smooth setting
The curvature properties of (doubly) twisted and warped products have been studied by various
authors; e.g. [20], [54], [46], [15], [16], [24], [21], [13] and [9]. We start off by discussing the curvature
bounds for a generalized doubly warped product of weighted manifolds.
Let
(
Mn, g, e−Φ dvolg
)
be a complete weighted manifold. In the interior of M the corresponding
drift Laplacian is defined by
∆Φ = ∆−∇Φ · ∇.
For N ≥ n, the N−Bakry-Émery Ricci tensor is then given by
RicNΦ = Ric+∇2Φ− (N − n)−1∇Φ⊗∇Φ
with the conventions Ric∞Φ = Ric+∇2Φ and RicnΦ = Ric. When RicNΦ ≥ Kg, we say the weighted
manifold satisfies BE (K,N ) curvature-dimension conditions. Considering the Carré du champ
operator Γ defined in [2] via
Γ(u, v) :=
1
2
(∆Φuv − u∆Φv − v∆Φu) = ∇u · ∇v (1.1)
4and the iterated Γ2 operator given by
Γ2 (u) :=
1
2
∆ΦΓ(u)− Γ (∆Φu, u) = 12∆Φ |∇u|
2 −∇u · ∇∆Φu,
the celebrated Bochner formula can be rewritten as
Γ2 (f)− RicNΦ (∇f,∇f) =
∣∣∇2u∣∣2 .
It can be shown that (see [34])
Γ2 (u)− RicNΦ (∇u,∇u) ≥ N−1 (∆Φu)2 .
Therefore, RicNΦ ≥ Kg implies
Γ2 (u) ≥ N−1 (∆Φu)2 +KΓ(u) ∀u,
which is referred to as CD(K,N ) curvature-dimension condition for the diffusion operator ∆Φ.
Conversely, if this holds for all smooth functions u, by taking curvature maximizers, one deduces
RicNΦ ≥ Kg. See [51] for the proof of the above facts in a much more general setting.
The Bakry-Émery Ricci tensor is a fairly well studied curvature tensor. For geometric implica-
tions of Bakry-Émery Ricci curvature lower bounds, see e.g. [56], [38] and [43]. In order to have results
in the Riemannian setting for the reader to compare with, we will first consider the N -Bakry-Émery
curvature bounds for general (R1, R2)-doubly warped products of weighted Riemannian manifolds.
These are generalizations of the N−warped products of [31].
Definition 1.2. For real numbers R1 and R2, the (R1, R2)-doubly warped product of weighted
Riemannian manifolds
(
B, gB, e
−Φ dvolgB
)
and
(
F, gF , e
−Ψ dvolgF
)
is given by
B R1α ×R2β F :=
(
B × F , g := α2gB ⊕ β2gF , αR1−n1βR2−n2e−Φe−Ψ dvolg =: e−χ dvolg
)
where χ = (n1 −R1) a+ (n2 −R2) b+Φ+Ψ, a := lnα and b := lnβ.
We establish Bakry-Émery Ricci curvature lower bounds in terms on those of the underlying
factors provided warping functions satisfy suitable partial differential inequalities.
Theorem 1.3. Let N1 ≥ n1, N2 ≥ n2 and set N = N1 +N2. Let R1 and R2 be two real numbers.
There are constants λN and λN1,N2 only depending on ni, Ri,Ni so that: If either
(i)
B Ric
N
Φ ≥ (n1 − 1)KNB gB at x ∈ B, F Ric
N
Ψ ≥ (n2 − 1)KNF gF at p ∈ F
and the dynamic concavity/convexity conditions
R2
B∇2b− λN (∇Φ)2 − λN (∇b)2 ≤ −K1
α2
≤ −λ
N ‖∇Φ‖2B
n1α2
− λ
N +R2 (R2 − 2n2 + 2)
n1
‖∇b‖2B (1.2)
and
R1
F∇2a−λM (∇Ψ)2−λM (∇a)2 ≤ −K2
β2
≤ −λ
M‖∇Ψ‖2F
n2β2
− λ
M +R1 (R1 − 2n1 + 2)
n2
‖∇a‖2F (1.3)
hold on UTxB ⊕ UTpF (here, UTx denotes the unit tangent space at x) or
(ii)
B Ric
N1
Φ ≥ (n1 − 1)KN1B gB at x ∈ B, F Ric
N2
Ψ ≥ (n2 − 1)KN2F gF at p ∈ F
and the concavity/convexity conditions with λN replaced by λN1,N2 hold on UTxB ⊕ UTpF , then
RicNχ ≥ (n1 + n2 − 1)Kg where K =
(n1 − 1)KB +K1
(n1 + n2 − 1)α2 ∧
(n2 − 1)KF +K2
(n1 + n2 − 1)β2 .
Corollary 1.4. There exist constants ηN and ηN1,N2 only depending on ni, Ri,Ni so that: if either
5(i)
B Ric
N
Φ ≥ (n1 − 1)KNB gB, F Ric
N
Ψ ≥ (n2 − 1)KNF gF ,
R2
B∇2b ≤ ηN (∇Φ)2 + ηN (∇b)2 and R1F∇2a ≤ ηN (∇Ψ)2 + ηN (∇a)2
hold on UTxB ⊕ UTpF or
(ii)
B Ric
N1
Φ ≥ (n1 − 1)KN1B gB, F Ric
N2
Ψ ≥ (n2 − 1)KN2F gF ,
R2
B∇2b ≤ ηN1,N2 (∇Φ)2 + ηN1,N2 (∇b)2 and R1F∇2a ≤ ηN1,N2 (∇Ψ)2 + ηN1,N2 (∇a)2
hold on UTxB ⊕ UTpF , then
RicNχ ≥
[
(n1 − 1)α−2KB ∧ (n2 − 1)β−2KF
]
g at (x, p).
Under extra conditions, we show if such bounds are achieved at the extrema points of the warping
functions, then the warping functions must be constant. Let Eα and Eβ denote the extremal points
of α and β respectively.
Theorem 1.5. Let (α, β) be a good warping pair (see Definition 2.6). Furthermore, suppose either
Φ and b share an absolute extrema (the extrema as in the definition of the good warping pair) or Ψ
and a share an extremal point. Then, the lower bound in Theorem 1.3 is achieved on Eα×Eβ if and
only if α and β are constant.
The (R1, R2)-doubly warped product can also be defined in the setting of geodesic metric-measure
spaces however, the more complicated behavior of geodesics (compared to the warped product),
makes it more arduous to obtain weak Ricci curvature bounds via the theory optimal transport;
the Bakry-Émery curvature dimension bounds however could be obtained by similar calculations as
we do for graphs. For curvature bounds of singly warped products of singular or non-Riemannian
spaces, see e.g. [8], [1] and [31].
Discrete setting
As was alluded to, recently there has been a substantial interest in curvature of discrete structures,
one for the fact that the definitions are simple enough to be programmable and robust enough to
determine the geometry. Notions of curvature of graphs started to appear in the literature in as
early as the 70’s and 80’s with [49] and [14] and later on in [11], [23] and [48]. After Lott, Sturm
and Villani’s breakthrough in the seminal papers [50], [51] and [39] where they developed weak
Ricci curvature lower bounds for a broad class of metric spaces, there has been a sudden surge of
research in understanding the curvature of discrete structures using methods of optimal transport as
in [52], [44], [35], [19] and [42] and using the Γ2 calculus methods as had been previously developed
in the smooth setting in [2] and [3]; see e.g. [36], [29], [10], [26], [29] and [12]. Other versions can
be found in e.g. [4], [41] and [33]. We also point out to the papers [18] and [25] that provide some
discrete to continuous picture of Wassestein spaces and (dynamic) curvature bounds (super Ricci
flows). The literature is too extensive to be covered here so to do justice, we encourage the interested
reader to look at the above papers and references therein.
Here, an un-directed weighted graph G is a non-negative (not-necessarily symmetric) weight
function ω : Z2 → R satisfying the transition relations ω(x, y) = s(x, y)ω(y, x) for s(x, y) 6= 0. The
vertex and edge sets are
V := {x ∈ Z : ∃y ∈ Z , ω(x, y) > 0} and E := {(x, y) ∈ Z2 : ω(x, y) > 0}/(x, y) ∼ (y, x)
respectively. Finite graphs are given by finitely supported weight functions ω. We write x ∼G y
or x ∼ y when there is an edge between x and y. We set ωxy := ω(x, y) and ωxy = s(x, y)ωyx for
a nonzero s(x, y). The vertex measure is a function m : V → R+. G will both denote a weighted
graph and its vertex set. For any vertex x, we set
DegG(x) :=
1
m(x)
∑
y∼x
ωxy
6which will sometimes be abbreviated as Dx. We consider G to be equipped with the most general
Laplacian of the form
∆f(x) :=
1
m(x)
∑
y∼x
(f(y)− f(x))ωxy. (1.4)
The corresponding Carré du champ, Γ and the Ricci form, Γ2 are then given by
Γ (u, v) =
1
2
(∆(uv)− v∆u − u∆v) (1.5)
and
Γ2 (u, v) =
1
2
(∆Γ (u, v)− Γ (∆u, v)− Γ (u,∆v)) (1.6)
respectively. Analogous to the smooth setting, the curvature dimension conditions, CD (K,N ), at
a vertex x ∈ G amounts to the inequality
Γ2(f)(x) ≥ N−1 (∆f)2 (x) +KΓ(f)(x) ∀f : G→ R
where Γ(u) := Γ(u, u) and Γ2(u) := Γ2(u, u). When this inequality holds globally, we say G satisfies
the CD(K,N ) curvature-dimension conditions. The best such lower curvature bound at a vertex
x will be denoted by KG,x(N ). It follows from the definitions of these operators that ∆ and Γ are
linear and Γ2 is a quadratic form in terms of the weights ωxy. Hence, setting
Gλ := (G, λω,m) ,
we have
KGλ,x(N ) = λKG,x(N ) ∀N > 0. (1.7)
Our first graph curvature result in the discrete case, is a generalization and sharpening of structural
bounds of [36]. Of course an immediate consequence of the structural curvature bounds is that the
best lower bound KG,x(N ) is well-defined for the most general Laplacian.
Theorem 1.6. Any vertex x in any weighted graph G (with possibly asymmetric edge weights)
satisfies
KG,x(N ) ≥ min
y∼x
[
−D
2
y
4
+
D
3
2
y
2
+
(
m
− 12
x D
1
2
x − 14
)
Dy −
(
m
− 12
x D
1
2
x
)
D
1
2
y −
(
m
− 12
x D
1
2
x
) 1
m(y)
]
,
for all N ≥ 2, and
KG,x(N ) ≥ KG,x(2)− 2−NN Dx ∀ 0 < N ≤ 2,
as well as
KG,x(N ) ≤ KG,x(∞) ≤ 14m
−1
x Dxmax
y∼x
my +
1
2
(
m
− 12
x D
1
2
x − 1
)
max
y∼x
myD
1
2
y +
3
4
max
y∼x
myDy ,
for all N > 0.
In application, using these bounds one can then obtain estimates on curvature-dimension bounds
for doubly twisted products of weighted graphs and networks. However, we take a different approach
and instead explore the Ricci form of the doubly warped product to deduce neater bounds in terms
of the curvature bounds of the factors. The bounds obtained bear resemblance to the Riemannian
curvature bounds. We should mention that the curvature-dimension bounds for the un-normalized
discrete Laplacian operator in Cartesian products of graphs have been studied in [37] and [12].
Important properties of the curvature functions such as their monotonicity and concavity have been
discussed in [12]. The main difficulty in working with graphs is the lack of chain rule which is due
to the fact that Laplacian is almost never a diffusion operator so we do not have the chain rule at
our disposal.
Let KG1,x, KG2,p and K(x,p) denote the best lower curvature bounds i.e. the curvature functions
at x ∈ G1, p ∈ G2 and (x, p) ∈ G1 α⋄β G2 respectively. Lo and behold, we get the following neat
relations between the optimal curvature bounds of the doubly warped product and those of the
constituent factors.
7Theorem 1.7. The curvature function of a doubly warped product can be bounded in terms of those
of the factors by
α−2KG1,x(N1) ∧ β−2KG2,p(N2) ≤ K(x,p)(N1 +N2) ≤ α−2KG1,x(N1) ∨ β−2KG2,p(N2). (1.8)
To get a different and sometimes sharper estimate, we distinguish between curvature saturated
and un-saturated vertices.
Definition 1.8 (N -curvature saturated vertices). A vertex z ∈ G is called
(i) weakly N -curvature saturated if there exists f : G→ R (curvature maximizer) with
Γ2 (f) (z) = N−1 (∆f(z))2 +KG,z (N ) Γ (f) (z),
that is harmonic at z i.e. ∆f(z) = 0,
ii) strongly N -curvature saturated if all curvature maximizers at z are harmonic at z,
iii) N -curvature un-saturated if all curvature maximizers f at z satisfy ∆f(z) 6= 0.
Theorem 1.9.
K(x,p) (N1 +N2) ≤


[
α−2KG1,x (N1) + α2Q1 (1, 0)
]
; both x and p are
∨ [β−2KG2,p (N2) + β2Q2 (0, 1)] weakly curvature saturated
α−2KG1,x (N1) + α2Q1 (1, 0) ; x is weakly curvature saturated and
+ 2N−11 N2 (N1 +N2)−1Dx p is curvature un-saturated
β−2KG2,p (N2) + β2Q2 (0, 1) ; x is curvature un-saturated and
+ 2N1N−12 (N1 +N2)−1Dp p is weakly curvature saturated[
α−2KG1,x (N1) + α2Q1 (1, 1)
]
; neither x nor p is
∨ [β−2KG2,p (N2) + β2Q2 (1, 1)] strongly curvature saturated.
When both x and p are weakly curvature saturated but neither is strongly curvature saturated,
K(x,p) (N1 +N2) ≤
[
α−2KG1,x (N1) + α2Q1 (1, 0) + 2N−11 N2 (N1 +N2)−1Dx
]
∧
[
β−2KG2,p (N2) + β2Q2 (0, 1) + 2N1N−12 (N1 +N2)−1Dp
]
where Q1 and Q2 are piece-wise quadratic forms given by
Q1 (c1, c2) := 12c
2
1β
−2∆G2α−2 + |c1c2|
[
β−2Dx +
1
2
α−2ΓG1
(
β−2
) ]
,
and
Q2 (c1, c2) := 12c
2
2α
−2∆G1β−2 + |c1c2|
[
α−2Dp +
1
2
β−2ΓG2
(
α−2
) ]
.
An immediate consequence of monotonicity of curvature functions in N is:
Corollary 1.10. All the upper curvature bounds in Theorems 1.7 and 1.9 hold with N1, N2 and
N1 +N2, all replaced by N .
By Theorem 1.9, at vertices where α and β are sufficiently convex, we get sharper estimates:
Corollary 1.11. Let K1,K2 ≥ 0. For every x ∈ G1 and p ∈ G2, if
α2∆G2α−2 ≤ −2β2K1 − 2α2Dx − β2ΓG1
(
β−2
)
(1.9)
and
β2∆G2β−2 ≤ −2α2K2 − 2β2Dp − α2ΓG2
(
α−2
)
, (1.10)
then
K(x,p) (N1 +N2) ≤ KG1,x (N1)−K1
α2
∨ KG2,p (N2)−K2
β2
.
8Theorem 1.12. The curvature function of a doubly warped product always satisfies
K(x,p)(N ) ≤
[
α−2KG1,x(N ) +
1
2
α2β−2∆G2α−2
]
∧
[
β−2KG2,p(N ) +
1
2
β2α−2∆G1β−2
]
and
K(x,p)(N ) ≥ α−2(p)KG1,x(N ) ∧ β−2(x)KG2,p(N ) −N−1
(
α−2Dx + β−2Dp
)
. (1.11)
Corollary 1.13. For K1,K2 ≥ 0,
α2∆G2α−2 ≤ −α−2β2K1 and β2∆G1β−2 ≤ −β−2α2K2, (1.12)
then
K(x,p) (N ) ≤ KG1,x (N )−K1
α2
∧ KG2,p (N )−K2
β2
.
Remark. Notice in the Riemannian setting where the chain rule is available, we have the identity
α2∆G2α−2 = −2∆a− 4‖∇a‖2.
Therefore, conditions (1.9)-(1.12) above could be thought of as discrete dynamic convexity conditions
on a = lnα and b = ln β.
Definition 1.14. We call a weighted graph with constant curvature function KG,x = KG, an almost
N -Einstein graph.
Theorem 1.15. Suppose (α, β) is a good warping pair (see Definition 3.18) and let Eα and Eβ
denote the extrema vertices of α and β respectively. If
K(x,p)(N ) = α−2(p)KG1,x(N ) ∧ β−2(x)KG2,p(N ),
holds on Eα × Eβ, then α and β are both constants; furthermore, G1 and G2 are both N -almost
Einstein graphs with
KG1
KG2
=
α2
β2
.
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2 Proof of smooth theorems
Ricci tensor for doubly warped products
Let (Bn1 , gB) and (Fn2 , gF ) be two Riemannian manifolds. Let α : F → R+ and β : B → R+ be
smooth positive warping functions. Throughout these notes, we will use the conventions a := lnα
and b := lnβ. For the doubly warped product
Bα×βF :=
(
B × F, g := α2gB ⊕ β2gF
)
,
the covariant derivatives are given by
∇XY = B∇XY − 〈X,Y 〉∇a, ∇VW = F∇VW − 〈V,W 〉∇b
and
∇XV = ∇VX = (∇Xb)V + (∇V a)X,
and the Hessian by
∇2f (X + V, Y +W ) = B∇2f (X,Y ) + F∇2f (V,W )
−〈X,Y 〉 df (∇a)− 〈V,W 〉 df (∇b) +∇X∇W f +∇V∇Y f
−∇Xb∇W f −∇W a∇Xf −∇Y b∇V f −∇V a∇Y f.
9Proposition 2.1 (e.g. [20]). The Ricci tensor of the doubly warped product Bα×βF is given by
Ric(X + V, Y +W ) = B Ric(X,Y ) + F Ric(V,W )
−〈X,Y 〉 (∆a+ 2‖∇a‖2)− 〈V,W 〉 (∆b + 2‖∇b‖2)
−n2
[
B∇2b(X,Y ) +∇Xb∇Y b
]
− n1
[
F∇2a(V,W ) +∇V a∇W a
]
+(n− 2)∇Xb∇W a+ (n− 2)∇Y b∇V a
where n1 = dimB, n2 = dimF and n = n1 + n2.
We start off by deriving lower Ricci curvature bounds for the doubly warped products under
dynamic concavity conditions on the warping functions.
Theorem 2.2. Suppose B Ric ≥ (n1 − 1)KB gB at x ∈ B and F Ric ≥ (n2 − 1)KF gF at p ∈ F . If
a and b satisfy
B∇2b+
(n1 − 2
n2
+ 2
)
(∇b)2 ≤ −K1
α2
≤
(n2 − 2
n1
)
‖∇b‖2B (2.1)
on UTxB (unit tangent vectors at x) and
F∇2a+
(n2 − 2
n1
+ 2
)
(∇a)2 ≤ −K2
β2
≤
(n1 − 2
n2
)
‖∇a‖2 (2.2)
on UTpF . Then at (x, p),
Ric ≥ (n1 + n2 − 1)Kg where K := KB +K1
α2
∧ KF +K2
β2
.
Proof. Tracing over the orthonormal frame consisting of 1
α
{Xi}n1i=1 and 1β{Vj}n2j=1,
α2∆b + 2α2‖∇b‖2 = B∆b− (n2 − 2) ‖∇b‖2B ≤ 0 and ∆a+ 2‖∇a‖2 ≤ 0.
Applying Cauchy-Schwartz inequality and then using (2.1) and (2.2),
Ric(X + V,X + V ) ≥ (n1 − 1) KB
α2
‖X‖2 + (n2 − 1) KF
β2
‖V ‖2
−‖X‖2 (∆a+ 2‖∇a‖2)− ‖V ‖2(∆b+ 2‖∇b‖2)
−n2
[
∇
B
2b(X,X) +
(n1 − 2
n2
+ 2
)
(∇Xb)2
]
−n1
[
∇
F
2a(V, V ) +
(n2 − 2
n1
+ 2
)
(∇V a)2
]
≥ (n1 + n2 − 1)K‖X + V ‖2.
Corollary 2.3. If B Ric ≥ (n1 − 1)KB gB, F Ric ≥ (n2 − 1)KF gB and a, b satisfy the concavity
relations
B∇2b ≤ −
(n1 − 2
n2
+ 2
)
(∇b)2 and F∇2a ≤ −
(n2 − 2
n1
+ 2
)
(∇a)2 (2.3)
on UTxB ⊕ UTpF , then at (x, p),
Ric ≥ (n1 + n2 − 1)Kg where K := α−2KB ∧ β−2KF . (2.4)
Proof. Set K1 = K2 = 0 in Theorem 2.2.
The conditions (2.3) fail at the minima of the warping functions unless the warping functions
are locally constant. So if all the bounds involved are assumed optimal, one would expect a rigidity
result when the curvature bounds (2.4) are achieved at the extrema points. This holds under extra
conditions on the warping functions.
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Definition 2.4 (relatively rigid quadratic forms). Let Q1 and Q2 be two quadratic forms on Rn.
We say Q2 is Q1-lower rigid whenever
E (λmin(Q1)) 6⊂ E (λmin(Q2)) ,
and Q1-upper rigid whenever
E (λmin(Q1)) 6⊂ E (λmax(Q2))
where E(λ) denotes the eigenspace corresponding to the eigenvalue λ. Notice this in particular
means Q2 6≡ 0.
Definition 2.5 (Ricci rigid functions). Let (Mn, g) be a complete Riemannian manifold and f :
M → R, a smooth function. We say f is M Ric-lower (upper) rigid at a point x ∈ M if either f is
constant on a neighborhood of x or if B∇2f is M Ric-lower (upper) rigid at x.
Definition 2.6 (good warping pairs). Let B and F be complete Riemannian manfiolds without
boundaries. We say (α, β) is a good warping pair if both α and β posses absolute minima at which
they are Ric-lower rigid or they both posses absolute maxima at which they are Ric-upper rigid.
Theorem 2.7. Suppose (α, β) is a good warping pair. Let (n1 + n2 − 1)K(x,p), (n1 − 1)KB,x and
(n2 − 1)KF,p denote the best lower Ricci bounds at (x, p), x and p respectively. Let Eα and Eβ denote
the extrema points of α and β respectively. Then,
(n1 + n2 − 1)K(x,p) = (n1 − 1)α−2KB,x ∧ (n2 − 1)β−2KF,p
holds on Eα × Eβ if and only if α and β are both constant functions.
Proof. The "if" statement follows from properties of Ricci curvature under isometric products of
Riemannian manifolds. To prove the "only if" statement, let x0 ∈ B and p0 ∈ F be extreme points
for β and α respectively. Then for any x ∈ B and p ∈ F , the curvature splittings
Ric
∣∣
⊗2T(x0,p)
= Ric
∣∣
⊗2Tx0B
⊕ Ric ∣∣
⊗2TpF
and Ric
∣∣
⊗2T(x,p0)
= Ric
∣∣
⊗2TxB
⊕ Ric ∣∣
⊗2Tp0F
hold since the mixed Ricci curvatures Ric(X,V ) vanish at (x0, p) and (x, p0). This implies
(n1 + n2 − 1)K(x0,p)
is the minimum of smallest eigenvalues of Ric
∣∣
Tx0B⊗Tx0B
and Ric
∣∣
Tp0F⊗Tp0F
. Suppose constancy
fails. Without loss of generality, assume α is non-constant. Since (α, β) is a good warping pair,
we can pick absolute extrema points x0 and p0 such that α is not locally constant at p0. Since by
hypothesis, F∇2a is F Ric-rigid at p0, we can find a first eigenvector V0 of F∇2a that is not a first
eigenvector for F∇2a.
Suppose xmin, pmin are absolute minima of β and α respectively, at which β and α are lower
Ric-rigid. Then, F∇2a is positive definite at pmin therefore,
F∇2a (V0, V0) > 0 and ∆a+ 2‖∇a‖2 > 0 at p0. (2.5)
Also B∇2b is non-negative definite at xmin and in particular for any first eigenvector X0 of B Ric,
B∇2b (X0, X0) ≥ 0 and ∆b+ 2‖∇b‖2 ≥ 0 (2.6)
hold at xmin. Using (2.5) and (2.6) in Proposition 2.1, at (x0, p0),
Ric (X0, X0) < α−2 B Ric (X0, X0) and Ric (V0, V0) < β−2 F Ric (V0, V0) ,
which is a contradiction. If there exist xmax and pmax at which α and β acheive their absolute
maxima where they are Ric-upper rigid as in Definition 2.6, a similar argument guarantees
Ric (X1, X1) > α−2 B Ric (X1, X1) and Ric (V1, V1) > β−2 F Ric (V1, V1)
for some vectors X1 ∈ TxmaxB and V1 ∈ TpmaxF which contradicts out hypotheses.
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We will conclude this section with the following fact about geodesics and the distance function
in a Remannian doubly warped product at the minima of the warping functions:
Proposition 2.8. Suppose p0 is a minimum point of α, and β is bounded away from 0. There
exists a radius r so that minimizing geodesics in Bα×βF joining (x, p0) to (y, p0) lie entirely in B
when dB(x, y) < r. In particular, the second fundamental form of the fiber B × {p0} vanishes (it is
a totally geodesic fiber) and
d (x, y) = α(p0)dB (x, y) when dB (x, y) < r.
Proof. Choose s with s < injradF (p0) and α(p0) ≤ α(p) for dF (p0, p) < s. Let γ = (γB, γF )
be a minimizing geodesic between (x, p0) to (y, p0). From the length formula for a curve, it is
straightforward to show when γ entirely lies in B × FBs (p0), α(p0)LengthB(γB) ≤ Length(γ).
Therefore, (γB, p0) is a minimizing geodesic and consequently, γF ≡ p0. If γ leaves B × FBs (p0),
its length must satisfy Length(γ) ≥ 2s inf β. Set r(x) := min{s, 2s inf β}.
Bakry-Émery Ricci bounds for (R1, R2)-doubly warped products
Proposition 2.9. Let N1 ≥ n1 and N2 ≥ n2, N = N1 +N2 and n = n1 + n2. Then the N -Bakry-
Émery Ricci tensor of B R1α ×R2β F is
RicNχ (X + V ) =
B Ric
N1
Φ (X) +
F Ric
N2
Ψ (V )
−‖X‖2
[
∆a+ (R1 − n1 + 2) ‖∇a‖2
]
−R1F∇2V,V a
−‖V ‖2
[
∆b+ (R2 − n2 + 2) ‖∇b‖2
]
−R2B∇2X,Xb
+
1
N − nQN1,N2 (∇XΦ,∇VΨ,∇V a,∇Xb) ,
or equivalently,
RicNχ (X + V ) =
B Ric
N
Φ (X) +
F Ric
N
Ψ (V )
−‖X‖2
[
∆a+ (R1 − n1 + 2) ‖∇a‖2
]
−R1∇
F
2
V,V
a
−‖V ‖2
[
∆b+ (R2 − n2 + 2) ‖∇b‖2
]
−R2∇
B
2
X,X
b
+
1
N − nQN (∇XΦ,∇VΨ,∇V a,∇Xb)
where QN1,N2 and QN are the quadratic forms corresponding to matrices
AN1,N2 =
1
d


a2
a1
−1 a2 + c1 b2
−1 a1
a2
b1 a1 + c2
a2 + c1 b1 −b21 − n1d (n− 2)d− b1b2
b2 a1 + c2 (n− 2)d− b1b2 −b22 − n2d


and
AN =
1
d


0 −1 a2 + c1 b2
−1 0 b1 a1 + c2
a2 + c1 b1 −b21 − n1d (n− 2)d− b1b2
b2 a1 + c2 (n− 2)d− b1b2 −b22 − n2d


respectively, in which
ai = Ni − ni bi = Ri − ni ci = Ni −Ri d = N − n.
Proof. By standard Riemannian geometry computations, we get
QN1,N2 (x1, x2, x3, x4) =
N2 − n2
N1 − n1x
2
1 +
N1 − n1
N2 − n2x
2
2 − 2x1x2
−
[
n1(N − n) + (R1 − n1)2
]
x23 −
[
n2(N − n) + (R2 − n2)2
]
x24
−2 (n2 +R1 −N )x1x3 − 2 (n1 +R2 −N ) x2x4
+2 (R1 − n1)x2x3 + 2 (R2 − n2)x1x4
+2
[
(N − n)(n− 2)− (R1 − n1) (R2 − n2)
]
x3x4
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and
QN (x1, x2, x3, x4) = −
[
n1(N − n) + (R1 − n1)2
]
x23 −
[
n2(N − n) + (R2 − n2)2
]
x24
−2 (n2 +R1 −N )x1x3 − 2 (n1 +R2 −N ) x2x4
+2 (R1 − n1) x2x3 + 2 (R2 − n2)x1x4 − 2x1x2
+2
[
(N − n)(n− 2)− (R1 − n1) (R2 − n2)
]
x3x4.
Proof of Theorem 1.3.
Let λN and λN1,N2 denote the smallest eigenvalues of AN and AN1,N2 respectively. Then
RicNχ (X + V ) ≥ α−2 (n1 − 1)KB‖X‖2 + β−2 (n2 − 1)KF ‖V ‖2
−‖X‖2 (∆a+ (R1 − n1 + 2) ‖∇a‖2)− ‖V ‖2 (∆b+ (R2 − n2 + 2) ‖∇b‖2)
−R2
[
B∇2X,Xb−
λN
R2
(∇XΦ)2 − λ
N
R2
(∇Xb)2
]
−R1
[
F∇2V,V a−
λN
R1
(∇VΨ)2 − λ
N
R1
(∇V a)2
]
. (2.7)
Tracing the LHS’s of concavity/convexity conditions (1.2) and (1.3),
β2∆a+ β2 (R1 − n1 + 2) ‖∇a‖2 = F∆a+ (R1 − n1 + 2) ‖∇a‖2F ≤ 0 (2.8)
and similarly,
∆b+ (R2 − n2 + 2) ‖∇b‖2 ≤ 0. (2.9)
Using (2.8) and (2.9) in combination with the RHS’s of (1.2) and (1.3), in (2.7), we get the desired
result. The second part follows in a similar manner. 
Proof of Corollary 1.4.
Upon setting K1 = K2 = 0,
ηN := λN ∧ [−R2 (R2 − 2n2 + 2) ] ∧ [−R1 (R1 − 2n1 + 2) ]
and
ηN1,N2 := λN1,N2 ∧ [−R2 (R2 − 2n2 + 2) ] ∧ [−R1 (R1 − 2n1 + 2) ],
we get the desired result. 
Proposition 2.10.
λN1,N2 ≤ λN ≤ λN1,N2 +
1
N − n
(
N2 − n2
N1 − n1 ∨
N1 − n1
N2 − n2
)
≤ λN1,N2 + (N1 − n1)−1 ∨ (N2 − n2)−1 .
In particular,
λN ,N ≤ λ2N ≤ λN ,N + 1N when N ≥ 2 (n1 ∨ n2) .
Proof.
AM1,M2 −AM =
1
d
(a2
a1
0
0 a1
a2
)
⊕ 02×2
which is a non-negative definite diagonal matrix.
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Proof of Theorem 1.5.
At the extremal points (of the same type) x0 and p0 of α and β respectively, where α and β are
B Ric-rigid and F Ric-rigid respectively,
RicNχ (X,V ) = − (N − n)−1∇VΨ∇XΦ on Tx0B ⊕ Tp0B.
If furthermore, either x0 is an extremal point of Φ or if p0 is an extremal point of Ψ, we get
RicNχ (X,V ) = 0. Thus at (x0, p0),
RicNχ (X + V,X + V ) = Ric
N (X,X) + RicN (V, V )
= B Ric
N
(X) + F Ric
N
(X)− ‖X‖2 (∆a)− ‖V ‖2 (∆b)
−R2B∇2b (X,X)−R1F∇2a (V, V ) .
Upon choosing the eigenvectors X0 and V0 of α and β respectively, as in the proof of Theorem 2.7,
we get a contradiction. The proof of the second part is similar. 
Corollary 2.11. Suppose the hypotheses of Theorem 1.5 hold. Assume B Ric
N
Φ ,
F Ric
N
Ψ ≥ 0 and
there are vector fields X and V with B Ric
N
Φ (X,X) =
F Ric
N
Ψ (V, V ) = 0. Then K
N
(x,p) = 0 holds at
the points (x, p) ∈ Eα × Eβ if and only if the warping functions are constant.
Proof. Proof is a direct application of Theorem 1.5.
3 Proof of discrete theorems
Recall the Definition 1.1 of doubly twisted product of weighted graphs. We first briefly discuss
distance properties of the doubly warped product in the case where the edge weight functions are
symmetric. Recall the weighted path distance between two vertices is the length of shortest path
counting edge weights. Let dG and d
ωG
G denote the discrete and weighted path distances respectively.
Proposition 3.1. Let G1 and G2 be weighted graphs with symmetric edge weights. Let pmax ∈ H ⊂
G2 be a maximum of α on the connected subgraph H ⊂ G2 and assume for a connected subgraph
K ⊂ G1,
α (pmax)
−1
∑
x∼Ky
ωG1xy < 2dG2 (pmax, ∂H) inf β(x)
−1 inf
p∼Hq
ωG2pq . (3.1)
Then, there exists a positive number r
(
= diamω
G1
(K)
)
such that
dω ((x, pmax) , (y, pmax)) = α (pmax)
−1
d
ωG1
G1
(x, y)
whenever x, y ∈ K and the path metric geodesics in G1 (if exists) joining such x and y are also
geodesics in G1 α⋄β G2. This could be interpreted as K being totally geodesic in G1  G2.
Proof. The proof is very similar, in nature, to the proof of Proposition 3.1. Take a weighted length
minimizing sequence γi ⊂ G1  G2 of paths joining (x, pmax) to (y, pmax). If γi is contained in
G1  H , then since pmax is a maximum of α, we must have
Lengthω (γi) ≥ α (pmax)−1 dωG1G1 (x, y) ;
if γi leaves G1  H ⊂ G1  G2, then (3.1) implies
Lengthω (γi) ≥ α (pmax)−1 dωG1K (x, y) ≥ d
ωG1
G1
(x, y) .
Hence,
dω ((x, pmax) , (y, pmax)) ≥ α (pmax)−1 dωG1G1 (x, y) ,
and from by definition of path distance,
α (pmax)
−1
d
ωG1
G1
(x, y) ≥ dω ((x, pmax) , (y, pmax)) .
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Definition 3.2 (Intrinsic metrics). Let G be a weighted graph with symmetric edge weights. Sup-
pose ρ : G×G→ R≥0 satisfies the triangle inequality (i.e. ρ is a pseudo metric). Then, ρ is said to
be an intrinsic metric if for all x, ∑
y∼x
ρ2(x, y) ωxy ≤ 1.
the Resistance metric which is a canonical intrinsic metric is then given by
Definition 3.3 (Resistance metric). Let G be a weighted graph with symmetric edge weights and
with vertex measure 1. The metric r defined via
r2(x, y) := sup{ρ(x, y) : ρ is an intrinsic metric },
is called the resistance metric (see e.g. [30]). Equivalently,
r2(x, y) = sup{u(x)− u(y) : Γ(u) ≤ 1}
where
Γ(u) :=
1
2
∑
x,y
(f(y)− f(x))2 ωxy.
Definition 3.1 (degree path metric [27] and [22]). The degree path metric is the pseudo metric
given by
ρ0 (x, y) := inf
x=x0∼x1∼···∼xn=y
n∑
i=1
(
Dxi−1 ∨Dxi
)− 12 .
Remark. We note the reader that the path metric is in positive correlation with the weights on
a graph therefore it is in negative correlation with the warping functions. Resistance metrics and
edge-degree path metric are among metrics that are in general in positive correlation with the
weights and hence, more consistent with the Riemnnian picture. Considering the resistance metric
and symmetric weights as a canonical distance function on a graph, we can prove an analogues of
Proposition 2.8 which further motivates our definition of a doubly warped product.
Proposition 3.4. For a graph with symmetric edge weights and with vertex measure 1, the resistance
metric is in fact the inverse of a capacity namely, r(x, y) = Γ (fxy)
− 12 where fxy is the unique function
satisfying fxy(x) = 0, fxy(y) = 1 and
∆fxy = 0 on G \ {x, y}.
Proof. See e.g. [5].
Proposition 3.5. Suppose G2 is finite, then for all p ∈ G2
r ((x, p) , (y, p)) =
1
‖α−1‖L2 rG1(x, y).
In particular, when G2 is a finite graph,
|G2|− 12α−1max rG1(x, y) ≤ r ((x, p) , (y, p)) ≤ |G2|−
1
2α−1min rG1(x, y)
where |G2| is the number of vertices in G2.
Proof. Let fxy be the Dirichlet solution on G1 with f(x) = 0 and f(y) = 1 and ∆f = 0 on G1\{x, y}.
The trivial lift f¯(·, p) := f(·) to G1  G2satisfies f¯ ((x, p)) = 0 and f¯ ((y, p)) = 1 and by Lemma 3.7,
on G1  G2 \ {(x, p), (y, p)} we get
∆f¯ = α−2∆G1f = 0 and Γ
(
f¯
)
= ‖α−1‖2L2BΓ(fxy).
Therefore, f¯ is the unique Dirichlet solution as appears in Proposition 3.4. Hence,
r ((x, p) , (y, p)) = Γ
(
f¯
)− 12 = ‖α−1‖−1
L2
BΓ (fxy)
− 12 = ‖α−1‖−1
L2
rG1(x, y).
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Proposition 3.6. Let p0 be a minimum of α on a connected subgraph H of G2. Furthermore assume
for a connected subgraph K ⊂ G1,
α (p0) sup
z∈K
mG1(z)−1
∑
x∼Ky
√
ωG1xy ≤ 2dG2 (p0, ∂H) inf
x∈G1
β(x) inf
w∈H
mG2(w)−1 sup
p∼Hq
√
ωG2pq.
Then, ρ0 ((x, p0) , (y, p0)) = α (p0) d
ωG1
G1
(x, y) whenever x, y ∈ K and the path metric geodesics in G1
(if exists) joining such x and y are also geodesics in G1 α⋄β G2. This could be interpreted as K
being totally geodesic in G1  G2.
Proof. Proof is similar to the proof of Proposition 3.1 and hence, is omitted.
Proof of Theorem 1.6.
Lower bound on KG,x(N ):
First we compute the constituent parts of the Ricci form, Γ2. Recall
Γ2 (u) :=
1
2
[
∆Γ(u)− 2Γ (u,∆u) ]
where ∆ and Γ are as in (1.4) and (1.5). So,
∆u(x) :=
1
mx
∑
y∼x
[
u(y)− u(x)]ωxy,
and by now standard calculations,
Γ (u, v) (x) :=
1
2
(∆(uv)− v∆u− u∆v) (x)
=
1
2mx
∑
y∼x
[
u(y)− v(x)][u(y)− v(x)]ωxy.
Therefore,
2Γ (u,∆u) (x)
=
1
mx
∑
y∼x
[
u(y)− u(x)][∆u(y)−∆u(x)]ωxy
=
1
mx
∑
y∼x
[
u(y)− u(x)]
[
1
my
∑
z∼y
[
u(z)− u(y)]ωyz − 1
mx
∑
w∼x
[
u(w)− u(x)]ωxw
]
ωxy,
and
∆Γ (u) (x) =
1
2mx
∑
y∼x
[
1
my
∑
z∼y
[
u(z)− u(y)]2ωyz − 1
mx
∑
w∼x
[
u(w)− u(x)]2ωxy
]
ωxy
=
1
2mx
[∑
y∼x
ωxy
my
∑
z∼y
[
u(y)− u(z)]2ωyz − Dx
mx
∑
y∼x
[
u(x)− u(y)]2ωxy
]
=
1
2mx
[∑
y∼x
ωxy
my
∑
y∼z
[
u(y)− u(z)]2ωyz − Dx
mx
∑
y∼x
ωxy
myDy
∑
z∼y
[
u(x)− u(y)]2ωyz
]
=
1
2mx
∑
y∼x
ωxy
myDy
∑
z∼y
[
Dy
[
u(y)− u(z)]2 − Dx
mx
[
u(x)− u(y)]2]ωyz
=
1
2mx
∑
y∼x
ωxy
myDy
∑
z∼y
[
m
− 12
x D
1
2
x u(x)−
(
D
1
2
y +m
− 12
x D
1
2
x
)
u(y) +D
1
2
y u(z)
]2
ωyz
− 1
mx
∑
y∼x
ωxy
myDy
∑
z∼y
[
m
− 12
x D
1
2
x u(x)−
(
D
1
2
y +m
− 12
x D
1
2
x
)
u(y) +D
1
2
y u(z)
]
[
m
− 12
x D
1
2
x u(x)−m−
1
2
x D
1
2
x u(y)
]
ωyz.
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Thus,
Γ2 (u) (x)
=
1
4mx
[∑
y∼x
ωxy
myDy
∑
z∼y
[
m
− 12
x D
1
2
x u(x)−
(
D
1
2
y +m
− 12
x D
1
2
x
)
u(y) +D
1
2
y u(z)
]2
ωyz
]
− 1
2mx
[∑
y∼x
ωxy
my
m
− 12
x D
1
2
x
[
u(y)− u(x)]2
]
(3.2)
+
1
2mx
[∑
y∼x
ωxy
my
D
− 12
y
∑
z∼y
[
u(y)− u(x)][u(z)− u(y)]ωyz
]
− 1
2mx
[∑
y∼x
ωxy
my
∑
z∼y
[
u(y)− u(x)][u(z)− u(y)]ωyz
]
+
1
2
[
1
mx
∑
y∼x
[
u(y)− u(x)]ωxy
]2
.
Setting X = u(y)− u(x), Y = u(z)− u(y), a = m− 12x D
1
2
x and b = D
1
2
y , Γ2 (u) (x) takes the form
Γ2 (u) (x) =
1
2mx
∑
y∼x
ωxy
my
∑
z∼y
[
1
2b2
(−aX + bY )2 + 1
b
XY −XY − aX2
]
ωyz +
[
∆u(x)
]2
2
.
Applying the identity/inequality,
1
2b2
(−aX + bY )2 + 1
b
XY −XY =
[−2a+ b2 − b
2b
X + Y
]2
+
[
a2
b2
−
(
a
b
− b
2
+
1
2
)2]
X2
≥
[
a2
b2
−
(
a
b
− b
2
+
1
2
)2]
X2,
with X = u(y)− u(x), Y = u(z)− u(y), a = m− 12x D
1
2
x and b = D
1
2
y yields
Γ2 (u) (x)
≥ 1
2mx
∑
y∼x
ωxy
my

mxDx
Dy
−
(
m
− 12
x D
1
2
x
D
1
2
y
− D
1
2
y
2
+
1
2
)2∑
z∼y
[
u(y)− u(x)]2ωyz
− 1
2mx
∑
y∼x
ωxy
my
m
− 12
x D
1
2
x
[
u(y)− u(x)]2 + 1
2
[
1
mx
∑
y∼x
[
u(y)− u(x)]ωxy
]2
≥ min
y∼x

m−1x Dx −
(
m
− 12
x D
1
2
x − Dy2 +
D
1
2
y
2
)2
−m− 12x D
1
2
x
1
m(y)

 1
2mx
∑
y∼x
[
u(y)− u(x)]2ωxy
+
[
∆u(x)
]2
2
=
[
∆u(x)
]2
2
+ min
y∼x

m−1x Dx −
(
m
− 12
x D
1
2
x − Dy2 +
D
1
2
y
2
)2
−m− 12x D
1
2
x
1
m(y)

Γ(u)(x).
Upper bound on KG,x(N ):
Take u = δx, then
∆u(x) = −Dx and Γ (u) (x) = Dx.
Setting X , Y , a and b as before, we can compute
1
2b2
(−aX + bY )2 + 1
b
XY −XY =


a2
2b2 +
a−1
b
+ 32 z = x
a2
2b2 z 6= x.
(3.3)
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Using (3.3) in (3.2), we deduce
Γ2 (δx) (x) =
1
2mx
∑
y∼x
ωxy
(∑
z∼y
a2
2b2
ωyz
)
+
1
2mx
∑
y∼x
ωxy
(
a− 1
b
+
3
2
)
ωyx
≤ 1
2mx
∑
y∼x
ωxy
(
a2
2b2
Dymy
)
+
1
2mx
∑
y∼x
ωxy
(
a− 1
b
+
3
2
)
Dymy
≤
[
1
4
m−1x max
y∼x
myDx +
1
2
max
y∼x
myD
1
2
y
(
m
− 12
x D
1
2
x − 1
)
+
(
3
4
max
y∼x
myDy
)]
Dx
which means for all N > 0,
KG,x(N ) ≤ KG,x(∞) ≤ 14m
−1
x Dxmax
y∼x
my +
1
2
(
m
− 12
x D
1
2
x − 1
)
max
y∼x
myD
1
2
y +
3
4
max
y∼x
myDy .

Remark. By Theorem 1.6, one can deduce curvature bounds for the doubly warped and doubly
twisted products of weighted graphs. In practice given a twisted product of weighted networks, one
can find the above point-wise bounds via a simple code using the relations
m(z,q) = mzmq and D(z,q) = α
−2(q)Dz + β−2(z)Dq.
Below, we establish curvature bounds for doubly warped products by exploiting the algebraic and
geometric properties of quadratic forms arising from Bakry-Émery curvature-dimension conditions.
Computation of curvature forms
Lemma 3.7 (∆ and Γ). Let α : G2 ×G1 → R+ and β : G1 ×G2 → R+ be twisting functions. Let
u, v : G1  G2 → R be functions and up, ux, vp and vx denote the restrictions of u and v to fibers.
Then (suppressing the vertices),
∆u = α−2∆G1up + β−2∆G2ux and Γ (u, v) = α−2ΓG1 (up, vp) + β−2ΓG2 (ux, vx) .
In particular,
∆(u1 ⊗ u2) = u2α−2∆G1u1 + u1β−2∆G2u2, ∆(u1 ⊕ u2) = α−2∆G1u1 + β−2∆G2u2,
Γ (u1 ⊗ u2) = u22α−2ΓG1 (u1) + u21β−2ΓG2 (u2) and Γ (u1 ⊕ u2) = α−2ΓG1 (u1) + β−2ΓG2 (u2) .
Proof. By definition
∆u(x, p) =
1
mG1mG2
∑
(x,p)∼(y,q)
[
u(y, q)− u(x, p)] (δxymG1β−2ωG2pq + δpqmG2α−2ωG1xy )
=
1
mG2
∑
p∼q
[
u(x, q)− u(x, p)]β−2ωG2pq + 1mG1
∑
x∼y
[
u(y, p)− u(x, p)]α−2ωG1xy
= α−2∆G1up(x) + β−2∆G2ux(p).
Similarly,
Γ(u, v)(x, p) =
1
2mG1mG2
∑
(x,p)∼(y,q)
[
u(y, q)− u(x, p)][v(y, q)− v(x, p)]ω((x,p)(y,q))
=
1
2mG2
∑
p∼q
[
u(x, q)− u(x, p)][v(x, q)− v(x, p)]β−2ωFpq
+
1
2mG1
∑
x∼y
[
u(y, p)− u(x, p)][v(y, p)− v(x, p)]α−2ωBxy
= α−2ΓG1 (up, vp) (x) + β−2ΓG2 (ux, vx) (p).
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Lemma 3.8 (first formulation for Γ2). Let u, v : G1  G2 → R. Then,
Γ2 (u, v) = α−4Γ
G1
2 (u
p, vp) (x) + β−4ΓG22 (u
x, vx) (p)
+
1
2
α−2 I+
1
2
β−2 II (3.4)
where
I = ∆G1
[
β−2ΓG2 (u•, v•) (p)
] − ΓG1 (β−2∆G2v•(p), up)− ΓG1 (β−2∆G2u•(p), vp)
and
II = ∆G2
[
α−2ΓG1 (u•, v•) (x)
] − ΓG2 (β−2∆G1v•(x), ux)− ΓG2 (β−2∆G1u•(x), vx) .
In particular,
Γ2 (u) = α−4Γ
G1
2 (u
p) + β−4ΓG22 (u
x)
+
1
2
α−2
[
∆G1
[
β−2ΓG2 (u•) (p)
]− 2ΓG1 (β−2∆G2u•(p), up)]
+
1
2
β−2
[
∆G2
[
α−2ΓG1 (u•) (x)
]− 2ΓG2 (β−2∆G1u•(x), ux)] .
Proof.
2Γ2 (u, v) = ∆Γ (u, v)− Γ (∆u, v)− Γ (u,∆v)
= α−2∆G1
[
Γ (u, v)p
]
+ β−2∆G2
[
Γ (u, v)x
]
− α−2ΓG1 ((∆u)p, vp)− β−2ΓG2 ((∆u)x, vx)
− α−2ΓG1 (up, (∆v)p)− β−2ΓG2 (ux, (∆v)x)
= α−2∆G1
[
α−2ΓG1 (up, vp) + β−2ΓG2 (u•, v•) (p)
]
+ β−2∆G2
[
α−2ΓG1 (u•, v•) (x) + β−2ΓG2 (ux, vx)
]
− α−2ΓG1 (α−2∆G1gp + β−2∆G2u•(p), vp)
− β−2ΓG2 (α−2∆G2ux + β−2∆G2u•(x), vx)
− α−2ΓG1 (α−2∆G1vp + β−2∆G2v•(p), up)
− β−2ΓG2 (α−2∆G2vx + β−2∆G2v•(x), ux)
= α−4∆G1ΓG1 (up, vp) + α−2∆G1
[
β−2ΓG2 (u•, v•) (p)
]
+ β−4∆G2ΓG2 (ux, vx) + β−2∆G2
[
α−2ΓG1 (u•, v•) (x)
]
− α−4ΓG1 (∆G1up, vp)− α−2ΓG1 (β−2∆G2u•(p), vp)
− β−4ΓG2 (∆G2up, vp)− β−2ΓG2 (α−2∆G2ux, vx) (p)
− α−4ΓG1 (∆G1vp, up)− α−2ΓG1 (β−2∆G2v•(p), up)
− β−4ΓG2 (∆G2vp, up)− β−2ΓG2 (α−2∆G2vx, ux)
= 2α−4ΓG12 (u
p, vp) + 2β−4ΓG12 (u
x, vx) + α−2 I+ β−2 II.
Notation: • is used as a dummy variable e.g. u• denotes the restriction of u to the •-fiber.
Lemma 3.9. For Uc1,c2 = c1f1 ⊕ c2f2 we thus get
Γ2 (Uc1,c2) = c
2
1α
−4ΓG12 (f1) + c
2
2β
−4ΓG22 (f2) +Q (c1, c2)
where
Q (c1, c2) = 12c
2
2α
−2ΓG2 (f2)∆G1β−2 − c1c2α−2∆G2f2ΓG1
(
β−2, f1
)
+
1
2
c21β
−2ΓB (f1)∆G2α−2 − c1c2β−2∆G1f1ΓG2
(
α−2, f2
)
.
Proof. Proof follows from a straightforward computation.
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Lemma 3.10 (second formulation for Γ2). For the special case u = u1 ⊗ u2 and v = v1 ⊗ v2 where
u1, v1 : G1 → R and u2, v2 : G2 → R, we have
Γ2 (u1 ⊗ u2, v1 ⊗ v2) = u2v2α−4ΓG12 (u1, v1) + u1v1β−4ΓG22 (u2, v2)
+
1
2
α−2I+
1
2
β−2II (3.5)
where,
I := ΓG2(u2, v2)∆G1
(
u1v1β
2
)− v2∆G2u2ΓG1 (u1β−2, v1)− u2∆G2v2ΓG1 (v1β−2, u1)
and
II := ΓG1(u1, v1)∆G2
(
u2v2α
−2
)− v1∆G1u1ΓG2 (u2α−2, v2)− u1∆G1v1ΓG2 (v2α−2, u2) .
In particular,
Γ2 (u1 ⊗ u2) = u22α−4ΓG12 (u1) + u21β−4ΓG22 (u2) +
1
2
α−2 I+
1
2
β−2 II
where,
I := ΓG2(u2)∆G1
(
u21β
−2
)− 2u2∆G2u2ΓG1 (u1β−2, u1)
and
II := ΓG1(u1)∆G2
(
u22α
−2
)− 2u1∆G1u1ΓG2 (u2α−2, u2)
Proof.
2Γ2 (u1 ⊗ u2, v1 ⊗ v2) = ∆Γ (u1 ⊗ u2, v1 ⊗ v2)
− Γ (∆ (u1 ⊗ u2) , v1 ⊗ v2)
− Γ ((u1 ⊗ u2) ,∆(v1 ⊗ v2))
= ∆
[
ΓG1 (u1, v1)⊗ u2v2α−2
]
+∆
[
u1v1β
−2 ⊗ ΓG2 (u2, v2)
]
− Γ (∆G1u1 ⊗ u2α−2, v1 ⊗ v2)− Γ (u1β−2 ⊗∆G2u2, v1 ⊗ v2)
−Γ (u1 ⊗ u2,∆G1v1 ⊗ v2α−2)− Γ (u1 ⊗ u2, v1β−2 ⊗∆G2v2)
= u2v2α−4∆G1ΓG1(u1, v1) + β−2ΓG1(u1, v1)∆G2(u2v2α−2)
+ α−2ΓG2(u2, v2)∆G1
(
u1v1β
−2
)
+ u1v1β−4∆G2ΓG2 (u2, v2)
− α−4u2v2ΓG1
(
∆G1u1, v1
)− β−2v1∆G1u1ΓG2 (u2α−2, v2)
− α−2v2∆G2u2ΓG1
(
u1β
−2, v1
)− β−4u1v1ΓG2 (∆G2u2, v2)
− α−4u2v2ΓG1
(
u1,∆G1v1
)− β−2v1∆G1v1ΓG2 (v2α−2, u2)
− α−2u2∆G2v2ΓG1
(
v1β
2, u1
)− β−4u1v1ΓG2 (∆G2v2, u2)
When ui = vi, this simplifies to
2Γ2 (u1 ⊗ u2) = u22α−4∆G1ΓG1(u1) + β−2ΓG1(u1)∆G2(u22α−2)
+ α−2ΓG2(u2)∆G1
(
u21β
−2
)
+ u21β
−4∆G2ΓG2 (u2)
− 2α−4u22ΓG1
(
∆G1u1, u1
)− 2β−2u1∆G1u1ΓG2 (u2α−2, u2)
− 2α−2u2∆G2u2ΓG1
(
u1β
−2, u1
)− 2β−4u21ΓG2 (∆G2u2, u2) .
One can also prove (3.5) from (3.4) directly.
A geometric lemma and some estimates
Consider the quadratic surface
Σ : z = ax2 + by2 + cxy.
in R3. By standard surface theory (see e.g. [40]), the principal curvatures of Σ are given by
κi =
a+ b±
√
(a− b)2 + c2
2
i = 1, 2 and κ1 ≤ κ2.
The principal directions of Σ are counterclockwise rotations of the x and y axes by θ := 12 arctan
c
a−b
where θ ∈ [0, π]. Here, the direction of κ1 (which is either θ or θ ± pi2 ∈ [0, π]) is called the principal
angle of Σ.
20
Lemma 3.11. Surfaces Σ1 and Σ2 given by
Σ1 : z1 = a1x2 + b1y2 + c1xy and Σ2 : z2 = a2x2 + b2y2 + c2xy,
have at least a line worth of non-trivial intersection if and only if
− det∇2 (z2 − z1) = (c2 − c1)2 − 4 (a2 − a1) (b2 − b1) ≥ 0.
In particular, when Σ1 is a parabolic cylinder with 0 = κ11 < κ12 and with principal angle θ1, the
non-trivial intersection amounts to
f (η) := cos2 (η − θ2) κ21 + sin2 (η − θ2)κ22 − sin2 (η − θ1) κ12 = 0
admitting a zero. Especially, when Σ1 is a parabolic cylinder and Σ2, a hyperbolic paraboloid with
θ1 6= θ2, the intersection is non-trivial.
Proof. Up to a rigid motion (rotation around the z-axis), we can assume 0 = κ11 < κ12 with θ1 = 0
and κ21 < 0 < κ22 with principal angle θ2 ∈
[−pi2 , pi2 ]. The signed curvatures of normal sections of
Σ1 and Σ2 corresponding to the direction η are given by
sin2(η)κ12 and cos2(η − θ2)κ21 + sin2(η − θ2)κ22.
Therefore, the two surfaces have non-trivial intersection if and only if
f(η) = cos2(η − θ2)κ21 + sin2(η − θ2)κ22 − sin2(η)κ12 = 0,
has a solution. When Σ2 is a hyperbolic paraboloid with θ2 6= 0, f(0)·f (π) < 0 so there is a solution.
If θ2 = 0, then the equation reduces to
cos2(η)κ21 = sin2(η) (κ22 − κ12)
which has a solution if and only if κ22 ≤ κ12.
Lemma 3.12. Let A and B be constant numbers. The surface
Σ : z =
N2
N1 (N1 +N2) A
2x2 +
N1
N2 (N1 +N2) B
2y2 − 2N1 +N2 ABxy,
is either a parabolic cylinder or the x − y plane. In particular, z = 0 has at least a line worth of
nontrivial solutions.
Proof. By direct calculation, det∇2z = 0. Furthermore, z = 0 has exactly one line of zeros when A
and B do not vanish simultaneously. If A,B 6= 0, the line of zeros is y = N2AN1Bx. If A 6= 0 and B = 0,
x = 0 and if A = 0 and B 6= 0, y = 0 are the lines of zeros.
Lemma 3.13 (useful estimates). The inequalities
1.
(
∆Gif
)2 ≤ 2DegGi ΓGi (f)
2.
[
ΓGi (f, g)
]2 ≤ ΓGi (f) ΓGi (g)
3.
∣∣∆G1fΓG2 (g, h)∣∣ ≤ 12DegG1 ΓG1 (f) + 12ΓG2 (g) ΓG2 (h)
hold on G1 and G2.
Proof. By Cauchy-Schwartz, for a vertex z in any weighted graph
[
∆f(z)
]2
=
[
1
m(z)
1
2
∑
w∼z
[
f(w)− f(z)] (ωzw) 12 ω
1
2
zw
m(z)
1
2
]2
≤ 2
[
1
2m(z)
∑
w∼z
[
f(w) − f(z)]2ωzw
][
1
m(z)
∑
w∼z
ωzw
]
= 2Dz Γ (f) (z)
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and
[
Γ (f, g) (z)
]2
=
1
4
[∑
w∼z
1
m(z)
1
2
[
f(w)− f(z)]ω 12zw 1
m(z)
1
2
[
g(w)− g(z)]ω 12zw
]2
≤
[
1
2m(z)
∑
w∼z
[
f(w)− f(z)]2ωzw
][
1
2m(z)
∑
w∼z
[
g(w)− g(z)]2ωzw
]
= Γ (f) (z) Γ (g) (z).
Applying the Young’s inequality,
∣∣∆G1f(x)ΓG2 (g, h) (p)∣∣ ≤ 1
2
[
∆G1f(x)
]2
+
1
2
[
ΓG2 (g, h) (p)
]2
≤ DegG1(x) ΓG1 (f) (x) +
1
2
ΓG2 (g) (p) ΓG2 (h) (p).
Lemma 3.14. The quadratic form, Q (c1, c2), given in (3.5), can be bounded by
Q (c1, c2) ≤ Q1 (c1, c2) ΓG1(f1) +Q2 (c1, c2) ΓG2(f2)
where
Q1 (c1, c2) =


Q11 : 12c21β−2∆G2α−2 + |c1| |c2|β−2Dx; ∆G1f1,∆G2f2 6= 0
+ 12 |c1| |c2|α−2ΓG1
(
β−2
)
Q12 : 12c21β−2∆G2α−2 + 12 |c1| |c2|α−2ΓG1
(
β−2
)
; ∆G1f1 = 0,∆G2f2 6= 0
Q13 : 12c21β−2∆G2α−2 + |c1| |c2|β−2Dx; ∆G1f1 6= 0,∆G2f2 = 0
Q14 : 12c21β−2∆G2α−2; ∆G1f1,∆G2f2 = 0
and
Q2 (c1, c2) =


Q21 : 12c22α−2∆G1β−2 + |c1| |c2|α−2Dp; ∆G1f1,∆G2f2 6= 0
+ 12 |c1| |c2|β−2ΓG2
(
α−2
)
Q22 : 12c22α−2∆G1β−2 + 12 |c1| |c2|β−2ΓG2
(
α−2
)
; ∆G1f1 6= 0,∆G2f2 = 0
Q23 : 12c22α−2∆G1β−2 + |c1| |c2|α−2Dp; ∆G1f1 = 0,∆G2f2 6= 0
Q24 : 12c22α−2∆G1β−2; ∆G1f1,∆G2f2 = 0.
Furthermore,
Q1i (1, 0) = Q1 (1, 0) and Q2i (0, 1) = Q2 (0, 1) .
Proof. Applying the estimates from Lemma 3.13, when ∆G1f1,∆G2f2 6= 0,
Q (c1, c2) = 12c
2
2α
−2(p)ΓG2 (f2) (p)∆G1β−2(x)− c1c2α−2(p)∆G2f2(p)ΓG1
(
β−2, f1
)
(x)
+
1
2
c21β
−2(x)ΓG1 (f1) (x)∆G2α−2(p)− c1c2β−2(x)∆G1f1(x)ΓG2
(
α−2, f2
)
(p)
≤
[
1
2
c21β
−2∆G2α−2 + |c1| |c2|β−2Dx + 12 |c1| |c2|α
−2ΓG1
(
β−2
)]
ΓG1 (f1)
+
[
1
2
c22α
−2∆G1β−2 + |c1| |c2|α−2Dp + 12 |c1| |c2|β
−2ΓG2
(
α−2
)]
ΓG2 (f2) .
The other cases follow similarly.
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Proof of Theorem 1.7.
Proposition 3.15. Let the surface Σ1 be given by
z = − N2N1 (N1 +N2) c
2
1A
2 − N1N2 (N1 +N2) c
2
2B
2 +
2
N1 +N2 c1c2AB
and Σ2 by
z = Q (c1, c2) .
Furthermore, assume Σ1 and Σ2 have non-trivial intersection. Then,
α−2KG1,x (N1) ∧ β−2KG2,p (N2) ≤ K(x,p) (N1 +N2) ≤ α−2KG1,x (N1) ∨ β−2KG2,p (N2) . (3.6)
In particular, the above inequalities hold when α and β satisfy the differential inequality
∆G2α−2 ·∆G1β−2 > D−1x α−2β2 ΓG1
(
β−2
)
+D−1p α
2β−2 ΓG2
(
α−2
)− 1.
Proof. Let c2 = λc1 be a line contained in the intersection of Σ1 and Σ. Then,
Γ2 (Uc1,c2) (x, p) = c
2
1α
−4ΓG12 (f1) + c
2
2β
−4ΓG22 (f2) c
2
2β
−4ΓG22 (f2) +Q (c1, c2)
= c21α
−4N−11
(
∆G1f1
)2
+ c22β
−4N−12
(
∆G2f2
)2
+Q (c1, c2)
+c21α
−4KG1,x (N1) ΓG1 (f1) + c22β−4KG2,p (N2) ΓG2 (f2)
= (N1 +N2)−1
(
c1α
−2∆G1f1 + c2β−2∆G2f2
)2
+ c21α
−4KG1,x (N1) ΓG1 (f1) + c22β−4KG2,p (N2) ΓG2 (f2) ,
which implies (3.6).
The Gaussian curvature of Σ2 (which is equal to the determinant of Hessian) is given by
detHess z2 =
[
α−2∆G2f2ΓG1
(
β−2, f1
)
+ β−2∆G1f1ΓG2
(
α−2, f2
) ]2
−4
[1
2
α−2ΓG2 (f2)∆G1β−2
][1
2
β−2ΓG1 (f1)∆G2α−2
]
= α−4
(
∆G2f2
)2
ΓG1
(
β−2, f1
)2
+ β−4
(
∆G1f1
)2
ΓG2
(
α−2, f2
)2
+ 2α−2β−2∆G2f2 ∆G1f1ΓG1
(
β−2, f1
)
ΓG2
(
α−2, f2
)
−α−2β−2∆G2α−2 ∆G1β−2ΓG1 (f1) ΓG2 (f2) .
Using Young’s inequality and Lemma 3.13, one gets
2∆G2f2 ∆G1f1ΓG1
(
β−2, f1
)
ΓG2
(
α−2, f2
)
≤ (∆G1f1)2 (∆G2f2)2 + ΓG1 (β−2, f1)2 ΓG2 (α−2, f2)2
≤ DxDpΓG1 (f1) ΓG2 (f2) + ΓG1
(
β−2
)
ΓG2
(
α−2
)
ΓG1 (f1) ΓG2 (f2) .
Therefore, again using Lemma 3.13, we infer that z2 is a hyperbolic paraboloid if
detHess z2 ≤ α−4DpΓG1
(
β−2
)
ΓG1 (f1) ΓG2 (f2) + β−4DxΓG2
(
α−2
)
ΓG1 (f1) ΓG2 (f2)
+ α−2β−2DxDpΓG1 (f1) ΓG2 (f2) + α−2β−2ΓG1
(
β−2
)
ΓG2
(
α−2
)
ΓG1 (f1) ΓG2 (f2)
−α−2β−2∆G2α−2 ∆G1β−2ΓG1 (f1) ΓG2 (f2) < 0,
which upon dividing by α−2β−2ΓG1 (f1) ΓG2 (f2), simplifying and rearranging the terms, is equivalent
to
∆G2α−2 ·∆G1β−2 > D−1x α−2β2 ΓG1
(
β−2
)
+D−1p α
2β−2 ΓG2
(
α−2
)− 1.
If Q and F have the same principal angles, we can consider sequences βi → β and αi → α where αi
and βi satisfy the desired differential inequality and where Qi and Fi have different principal angles,
this gives us
α−2i KG1,x (N1) ∧ β−2i KG2,p (N2) ≤ K(x,p) (N1 +N2) ≤ α−2i KG1,x (N1) ∨ β−2i KG2,p (N2) ,
then, we take the limit as i→∞.
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Proof of Theorem 1.7: For arbitrary graphs Gi and warping functions α and β, we set αλ := λα
and βλ := λβ. Then,
∆G2α−2λ ·∆G1β−2λ > D−1x α−2λ β2λ ΓG1
(
β−2λ
)
+D−1p α
2
λβ
−2
λ Γ
G2
(
α−2λ
)− 1,
holds for λ large enough since as λ→∞, the LHS approaches 0 while the RHS approaches −1. By
Proposition 3.15 and for the doubly warped product
Gλ−2 := (G1 α⋄β G2)λ−2 = G1 αλ⋄βλ G2,
we have
λ−2α−2KG1 (N1) ∧ λ−2β−2KG2 (N2) ≤ KGλ (N1 +N2) ≤ λ−2α−2KG1 (N1) ∨ λ−2β−2KG2 (N2) .
From (1.7), KG
λ−2 ,(x,p)
(N1 +N2) = λ−2KG,(x,p) (N1 +N2) and the conclusion follows. 
Proof of Theorem 1.9.
Upper bounds for K(x,p):
Let fi : Gi → R, i = 1, 2 be curvature maximizers at x and p respectively i.e.
ΓGi2 (fi) (zi) = N−1i
[
∆G1fi (zi)
]2
+KGi,zi (Ni) ΓGi (fi) (zi) z1 := x and z2 := p.
Claim: There is a sequence fij : Gi → R and ǫij → 0 with
ΓGi2 (fij) (zi) = N−1i
[
∆G1fij (zi)
]2
+ (KGi,zi (N1)− ǫij) ΓG1 (fij) (zi) and ΓGi (fij) (zi) 6= 0.
Proof of claim: If ΓGi (fi) (z) 6= 0, we set fij = fi for all j and ǫj = 0. If ΓGi (fi) (z) = 0, fi is
locally constant at z. Set fij = fi + 1j δz. By the vertex-wise continuity of the curvature-dimension
inequalities, we can find such sequences ǫij . Obviously ΓGi (fij) (zi) 6= 0 since fij and fi can not be
locally constant at z simultaneously. 
Without loss of generality, we consider four cases:
(i) Neither x nor p is strongly saturated. Pick curvature maximizers fi with ∆Gifi(zi) 6= 0.
Set Aj := α−2(p)∆G1f1j(x) and Bj := β−2(x)∆G2f2j(p). For j large enough, we can assume
Aj , Bj 6= 0. By Lemma 3.12, Fj (c1j , c2j) = 0 (Fj is defined using Aj andBj) has a line of zeros.
If both x and p are un-saturated, we can, by rescaling, further assume ∆G1f1(x) = α2(p)N−12
and ∆G2f2(p) = β2(x)N−11 so the line of zeros satisfies |c1| = |c2|. Pick the zeros (c1j , c2j) of
Fj with (|c1j |, |c2j |)→ (1, 1) as j →∞. Then as j →∞,
c−21j Q1 (c1j , c2j)→ Q1 (1, 1) =
1
2
β−2∆G2α−2 + β−2DegG1 +
1
2
α−2ΓG1
(
β−2
)
,
and
c−22j Q2 (c1j , c2j)→ Q2 (1, 1) =
1
2
α−2∆G1β−2 + α−2DegG2 +
1
2
β−2ΓG2
(
α−2
)
.
Set U jc1j,c2j = c1jf1j ⊕ c2jf2j ,
Γ2
(
U jc1j,c2j
)
= c21jα
−4ΓG12 (f1j) + c
2
2jβ
−4ΓG22 (f2j) +Q (c1j , c2j)
≤ c21jα−4N−11
(
∆G1f1j
)2
+ c22jβ
−4N−12
(
∆G2f2j
)2
+
[
c21jα
−4 (KG1,x (N1)− ǫ1j) +Q1 (c1j , c2j)
]
ΓG1 (f1j)
+
[
c21jβ
−4 (KG2,p (N2)− ǫ2j) +Q2 (c1j , c2j)
]
ΓG2 (f2j)
= (N1 +N2)−1
(
c1jα
−2∆G1f1j + c2jβ−2∆G2f2j
)2
+
[
α−2 (KG1,x (N1)− ǫ1j) + α2c−21j Q1 (c1j , c2j)
]
α−2c21jΓ
G1 (f1j)
+
[
β−2 (KG2,p (N2)− ǫ2j) + β2c−22j Q2 (c1j , c2j)
]
β−2c22jΓ
G2 (f2j) .
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Thus,
Γ2
(
U jc1j ,c2j
) ≤ (N1 +N2)−1(∆ U jc1j ,c2j)2 +Kj Γ(U jc1j,c2j)
where
Kj =[
α−2 (KG1,x (N1)− ǫ1j) + α2c−21j Q1 (c1j , c2j)
]
∨
[
β−2 (KG2,p (N2)− ǫ2j) + β2c−22j Q2 (c1j , c2j)
]
.
This implies K(x,p) (N1 +N2) ≤ Kj . Taking the limit as j →∞,
K(x,p) (N1 +N2) ≤
[
α−2KG1,x (N1) + α2Q1 (1, 1)
]
∨
[
β−2KG2,p (N2) + β2Q2 (1, 1)
]
.
(ii) x is un-saturated and p is weakly saturated or vice versa. In this case ∆G1f1 6= 0 and
∆G2f2 = 0. So we can assume c1 = 0 and c2 = 1 is a zero of F . Setting U jc2j = c2jf2j and
using Lemma 3.13,
Γ2
(
U jc2j
)
= c22jβ
−4ΓG22 (f2j) +Q (0, c2j)
≤ c22jβ−4N−12
(
∆G2f2j
)2
+
[
c21jβ
−4 (KG2,p (N2)− ǫ2j) +Q2 (0, c2j)
]
ΓG2 (f2j)
= (N1 +N2)−1
(
c2jβ
−2∆G2f2j
)2
+
[
N−12 − (N1 +N2)−1
] (
c2jβ
−2∆G2f2j
)2
+
[
β−2 (KG2,p (N2)− ǫ2j) +
1
2
β2α−2∆G1β−2
]
β−2c22jΓ
G2 (f2j) .
≤ (N1 +N2)−1
(
c2jβ
−2∆G2f2j
)2
+Kj β−2c22jΓG2 (f2j)
where
Kj = β−2 (KG2,p (N2)− ǫ2j) +
1
2
β2α−2∆G1β−2 + 2β−2N1N−12 (N1 +N2)−1Dp.
Taking the limit as j →∞, we deduce
K(x,p) (N1 +N2) ≤ KG2,p (N2) +
1
2
β2α−2∆G1β−2 + 2β−2N1N−12 (N1 +N2)−1Dp
= KG2,p (N2) + 2β−2N1N−12 (N1 +N2)−1Dp + β2Q2 (0, 1) .
The proof of the other case follows similarly..
(iii) x and p are both weakly saturated. In this case ∆G1f1 = ∆G2f2 = 0 so any (c1, c2) solves
F = 0 therefore,
K(x,p) (N1 +N2) ≤
[
α−2KG1,x (N1) + α2Q14 (1, 0)
]
∨
[
β−2KG2,p (N2) +Q24 (0, 1)
]
=
[
α−2KG1,x (N1) + α2Q1 (1, 0)
]
∨
[
β−2KG2,p (N2) + β2Q2 (0, 1)
]
.
(iv) x and p are both weakly saturated but neither is strongly saturated This is a sub
case of (ii). Combining the bounds obtained in (ii), we deduce
K(x,p) (N1 +N2) ≤
[
α−2KG1,x (N1) + α2Q1 (1, 0) + 2α−2N−11 N2 (N1 +N2)−1Dx
]
∧
[
β−2KG2,p (N2) + β2Q2 (0, 1) + 2β−2N1N−12 (N1 +N2)−1Dp
]
.

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Proof of Theorem 1.12
Using u1 ⊗ 1 as a test function in Lemma 3.10,
Γ2 (u1 ⊗ 1) (x, p) = α−4(p)ΓG12 (u1)(x) +
1
2
β−2(x)ΓG1 (u1) (x)∆G2α−2(p), (3.7)
Γ (u1 ⊗ 1) (x, p) = α−2(p)ΓG1 (u1) (x) and ∆ (u1 ⊗ 1) (x, p) = α−2(p)∆G1u1(x).
Hence, by the definition of K(x,p) and using (3.7) we get
ΓG12 (u1)(x) ≥ N−1
[
∆G1u1(x)
]2
+
[
α2(p)K(x,p)(N ) − 12α
4(p)β−2(x)∆Fα−2(p)
]
ΓG1 (u1) (x);
which implies
KG1,x(N ) ≥ α2(p)K(x,p)(N )−
1
2
α4(p)β−2(x)∆G2α−2(p),
or
K(x,p)(N ) ≤ α−2(p)KG1,x(N ) +
1
2
α2(p)β−2(x)∆G2α−2(p);
similarly,
K(x,p)(N ) ≤ β−2(x)KG2,x(N ) +
1
2
β2(x)α−2(p)∆G1β−2(x).
To compute the lower bound, we first notice that by (1.8),
K(x,p)(2N ) ≥ α−2KG1,x(N ) ∧ β−2KG2,x(N ). (3.8)
For any function u : G1  G2 → R,
Γ2(u) ≥ (∆u)
2
2N +K(x,p)(2N )Γ(u)
=
(∆u)2
N −
(∆u)2
2N +K(x,p)(2N )Γ(u)
≥ (∆u)
2
N +
[
K(x,p)(2N )−N−1
(
α−2Dx + β−2Dp
) ]
Γ(u)
where in the last line we have used Lemma 3.13 and the fact that
Deg ((x, p)) = α−2 DegG1(x) + β
−2 DegG2(p).
Therefore,
K(x,p)(N ) ≥ K(x,p)(2N )−N−1
(
α−2Dx + β−2Dp
)
. (3.9)
Combining (3.8) and (3.9), the curvature lower bound (1.11) follows. 
The bounds in (1.8) imply a rigidity on the warping functions in terms of the curvature functions.
Corollary 3.16. For a fixed p ∈ G2,
inf
x
K(x,p)(N ) ≥ sup
x
KG1,x(N ) =⇒ β2 is subharmonic.
In particular, for a connected finite graph G1,
inf
x
K(x,p)(N ) ≥ sup
x
KG1,x(N ) =⇒ β is constant.
Proof. Directly follows from Theorem 1.7 and the maximum principle on finite graphs.
Definition 3.17 (relative dilation numbers). For two warping functions α and β, we define the
dilation numbers
dil(α2) :=
supα2
inf α2
and dil(α2, β2) :=
supα2
inf β2
,
and similarly dil(β) and dil(β, α).
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Definition 3.18 (good warping pair). We say (α, β) is a good warping pair if both α and β are
bounded away from 0 and ∞ and if furthermore, there are vertices xmin and pmin where α and β
achieve their absolute minima respectively and at which the convexity relations,
β2 (xmin)∆G1β−2 (xmin) ≤ dil
(
α2
)KG1,xmin − dil(α2, β2)KG2,pmin (3.10)
and
α2 (pmin)∆G2α
−2 (pmin) ≤ dil
(
β2
)KG2,pmin − dil(β2, α2)KG1,xmin (3.11)
hold.
Remark. This should be compared to the warping functions being Ric-rigid at their absolute
minima/maxima. For constant warping functions α and β, the conditions (3.10) and (3.11) hold if
and only if
KG1,xmin
KG2,pmin
=
α2
β2
.
Proof of Theorem 1.15.
Suppose the conclusion fails. Without loss of generality, we can consider two cases:
i) Neither α nor β is constant. In this case, since both α and β achieve their absolute minima
and are non-constant, there exist vertices x0 and p0 (resp.) at which β and α (resp.) achieve
their absolute minima and are not locally constant at. This readily implies ∆Bβ−2 (x0) < 0
and ∆Fα−2 (p0) < 0. Using Theorem 1.12, we deduce
K(x,p)(N ) < α−2(p)KG1,x(N ) ∧ β−2(x)KG2,p(N ) (3.12)
which is a contradiction.
ii) α is constant and β non-constant. Consider an absolute minimum of β at which β is not
locally constant. Then by (3.10), we get
β−2 (xmin)KG2,xmin(N ) +
1
2
β2 (xmin)α−2(p)∆G1β−2 (xmin) < α−2(p)KG1,x(N )
which in turn implies (3.12) that is a contradiction. 
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